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S P E C I A L I A  
Les a u t e u r s  s o n t  seuls  r e sponsab le s  des  op in ions  expr im6es  darts  ces b r6ves  c o m m u n i c a t i o n s .  - F t i r  die K u r z m i t t e i l u n g e n  
is t  ausschl iess l ich  de r  A u t o r  v e r a n t w o r t l i c h .  - P e r  le b r e v i  c o m u n i c a z i o n i  6 r e sponsab i l e  solo l ' au to r e .  - T h e  e d i t o r s  
do  n o t  ho ld  t h e m s e l v e s  r e spons ib l e  for  t h e  op in ions  expressed  in  t h e  a u t h o r s '  b r i e f  repor t s .  - OTBeTCTBeHH0CTb aa 

K0p0TKHe c0o6metma nec'~T gCKamq~TenbH0 asT0p. -- E1 r e s p o n s a b t e  de los i n f o r m e r  reducidos ,  es t~  el  a n t o r .  

A N o t e  o n  the  R e l e v a n c y  o f  B e h a v i o u r  o f  S o l u t i o n s  o f  t h e  L A N E - E M D E N  E q u a t i o n  i n  t h e  I m m e d i a t e  
N e i g h b o u r h o o d  o f  t h e  O r i g i n  

I n  t h i s  n o t e ,  t h e  region in  a comple t e  p o l y t r o p e  to  
wh ich  t h e  k n o w n  b e h a v i o u r  of t h e  so lu t ions  of t h e  LANE- 
EMDEN equa t ion ,  for d i f fe ren t  va lues  of n, in  t he  im-  
m e d i a t e  n e i g h b o u r h o o d  of ~ = 0, will be  r e l evan t ,  ha s  
b e e n  p o i n t e d  out .  

T h e  b e h a v i o u r  of so lu t ions  of t he  LANE-EMDEN equa-  
t ion  n e a r ~  = 0, f o r n  < 3 1  n = 3 2 a n d n  > 3 3 h a v e b e e n  
s t ud i ed  w i t h  a v iew to  f i nd ing  t h e  a r r a n g e m e n t  of solu- 
t i ons  nea r  t h e  or ig in  of t h e  p o l y t r o p e s ;  b u t  r ecen t ly ,  t h e  
a u t h o r  h a s  s h o w n  4 t h a t  in  a po ly t rope ,  w h a t e v e r  be  t h e  
index ,  so lu t ions  for  n t e n d i n g  to  zero a n d  to  m i n u s  one  
o n l y  a re  r e l e v a n t .  H e  h a s  also s h o w n  ~ t h a t  t h e  i m m e d i a t e  
n e i g h b o u r h o o d  of t h e  or ig in  is a n  in t e r f ac i a t  reg ion  in  
w h i c h  2 sets  of e q u a t i o n s :  one  g o v e r n i n g  t h e  or ig in  a n d  
t h e  o t h e r  g o v e r n i n g  t h e  r e s t  of t h e  p a r t s  of t h e  conf igura -  
t i on  are  r e l e v a n t  s imu l t aneous ly .  Th i s  gives a n  impres -  
s ion t h a t  p r o b a b l y  so lu t ions  nea r  ~ = 0 in (~; 0)-plane,  
re fer red  to above ,  h a v e  no  phys ica l  mean ing .  T h e  a u t h o r  
wishes  to  p o i n t  o u t  t h a t ,  a l t h o u g h  0 is no t  def ined  a t  t h e  
origin,  0 is def ined  in t h e  i m m e d i a t e  n e i g h b o u r h o o d  of t h e  
in te r fac ia l  region.  T h e  in t e r r ac i a l  reg ion  is suf f ic ien t ly  
close to  t h e  o r ig in ;  t he r e fo re  t h e  k n o w n  b e h a v i o u r  of 

so lu t ions  nea r  ~ = 0 in (~; 0)-plane,  for d i f f e ren t  va lues  of 
n, can  be  t a k e n  to be r e l e v a n t  to  t h e  i m m e d i a t e  ne igh-  
b o u r h o o d  of t h e  in te r fac ia l  reg ion  of a p o l y t r o p e  s. 

Zusammen]assung.  U n t e r s u c h u n g e n  f iber  L 6 s u n g e n  de r  
LANE-EMDEN-Gleichung in  de r  N~ihe des k r i t i s c h e n  P u n k -  
tes.  
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A S e r i e s  S o l u t i o n  of  t h e  L A N E - E M D E N  E q u a t i o n  o f  I n d e x  5 

I n  th i s  no)~e, a series so lu t ion  f rom wh ich  all classes of 
E-,  F -  a n d  M - s o l u t i o n s  of t h e  LANE-EMDEN e q u a t i o n  of 
i n d e x  5 c a n  be  der ived ,  ha s  b e e n  given.  

A series so lu t ion  of t h e  LANE-EMD~N e q u a t i o n  of 
i n d e x  n, nea r  t h e  or igin,  g iv ing  E - so lu t i ons  is k n o w n  1 
b u t  no  such  so lu t ion  g iv ing  F -  a n d  l~/-solut ions ha s  ye t  
been  p resen ted .  The  r e a s o n  be ing  t h a t  F -  a n d  M - s o l u t i o n s  
h a v e  a s i ngu l a r i t y  a t  t he  or ig in ;  hence  a n  e x p a n s i o n  in 
t h e  fo rm of a series g iv ing  F -  a n d  M - s o l u t i o n s  a t  t he  or ig in  
will n o t  be  possible .  

I n  t e r m s  of z a n d  t, def ined as 

z 2 =  2 0  ~ ; ~ = e - e ,  (1) 

LANE-EMDEN e q u a t i o n  of i ndex  5 a f t e r  t he  f i rs t  i n t eg ra -  
t i on  c a n  be  expressed  as 

& 2D + (2) 
dt 4 12 

t =  0 co r r e sponds  to  ~ =  1 a t  w h i c h  0 is f in i te  for  al l  
classes of solut ions .  The  h o m o l o g y  t h e o r e m  shows  t h a t  
we can  t a k e  z = 1 a t  t = 0 w i t h o u t  a n y  loss of genera l i ty ,  
A t  t = 0 therefore ,  we can  a s sume  a TAYLOR'S e x p a n s i o n  
of t he  fo rm 

l + z 0 0 )  t + ~ z 0 ( 2 )  t 2 g 

1 1 
+ ~ ~0/,I t" + ~_ ,0/,I t '  + . . . . . .  (3) 

w h e r e  z0(~) is t h e  v a l u e  of n t h  d e r i v a t i v e  a t  t -- 0. Calcu-  
l a t i n g  d i f f e ren t  d e r i v a t i v e s  a n d  s u b s t i t u t i n g  in (3), we ge t  

+ 5 - ~  2 D + T  + . . . . . .  (4) 

R e v e r t i n g  to  (~;0)-var iables ,  t h e  a b o v e  series c an  be  
w r i t t e n  as 

(2 *)~ 

1 ( 2 D + l ) Y ' 2 ( l o g ~ ) ~  5 ( 2 D + ~ ) ( l o g ~ ) q  (5) 
+ T  - ~  • 

I f  t h e  series in  (4) is t e r m i n a t e d  w i t h  t 4 t h e n  for  t h e  
a p p r o x i m a t i o n  to  b e  good to  4 dec ima l  p laces  we m u s t  
h a v e  ~ 

5 ( 2 D +  61---)t4 <_0 .00005 .  (6) 
24 
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I n e q u a l i t y  in  (6) sugges ts  t h a t  for  t h e  series  in  (5) we 
m u s t  h a v e  

<: e - -  ['00144 [ (12D + 1)] ~'/ (7) 

T h u s  we see t h a t ,  w i t h  t h e  f i r s t  3 t e r m s ,  t he  series in  (5) 
gives 0 t o  4 dec imM places  o v e r  t h e  r a n g e  1 < ~ < 1 
+ e[ 00144/(12 D + 1)W' for  a n y  v a l u e  of D. 

B y  t h e  m e t h o d  of c o n t i n u i n g  t h e  solut ions ,  one  m a y  
c o n t i n u e  t h e  so lu t ion  t o w a r d  t h e  c e n t r e  as well  as  t o w a r d  
t h e  b o u n d a r y .  B y  inc reas ing  t h e  n u m b e r  of t e r m s  in (4), 
one  m a y  also inc rease  t h e  r a n g e  su l f i c ien t ly  s. 

Zusammenfassung. W e i t e r e  U n t e r s u c h u n g e n  f iber  L6- 
s u n g e n  der  LANE-EMDEN-Gleichung in de r  N~he  des  
k r i t i s c h e n  B u n k t e s  (vgl. E x p e r i e n t i a  23, 697, 1967). 
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U n i t  C e l l  D i m e n s i o n s  o f  S y n t h e t i c  A p a t i t e s  

The  la t t i ce  p a r a m e t e r s  of some good s y n t h e t i c  a p a t i t e s  
are  r e p o r t e d  here.  T h e  ch lo rapa t i t e ,  f l uo rapa t i t e ,  a n d  
m i x e d  f l uo r - ch lo r apa t i t e s  were  k i n d l y  suppl ied  b y  Dr. 
E.  F. APPLE, Gene ra l  E lec t r i c  C o m p a n y ,  Cleveland ,  Ohio,  
a n d  ca lc ium h y d r o x y a p a t i t e  b y  Dr .  W.  E.  BROWN, 
N a t i o n a l  B u r e a u  of S t a n d a r d s ,  W a s h i n g t o n ,  D.C. T h e  
s t r o n t i u m  h y d r o x y a p a t i t e  was  p r e p a r e d  b y  t h o r o u g h l y  
m i x i n g  s t o i ch iome t r i e  q u a n t i t i e s  of Sr(NO3)~, KH2PO4, 
a n d  K O H  acco rd ing  to  t h e  e q u a t i o n :  

10 St(NOn) 2 + 6 K H 2 P O  ~ + 1 4 K O H  - ~  Sr~0(PO4),(OH)~ + 

2 0 K N O z  + 12HzO 

T h e  u n i t  cell d imens ions  were  o b t a i n e d  b y  2 d i f f e ren t  
m e t h o d s  : in  one, t he  X - r a y  t r aces  were  a p lo t  of 2 0 a long  
t h e  c h a r t  d r ive  d i rec t ion  ve r sus  i n t ens i t y .  T h e  lowes t  2 0 
va lue  was on  t h e  r i g h t  a n d  was usua l ly  5 ° . The  m a x i m u m  
scale r ead ing  for  i n t e n s i t y  was  i n d i c a t e d  in cps. The  l i t t le  
red  l ines a b o v e  t h e  c h a r t  were degree  m a r k e r s  a n d  were 
used  for  r e a d i n g  a c c u r a t e  angles.  The  2 0 ang le  was t he  
ang le  b e t w e e n  t h e  i n c i d e n t  X - r a y  b e a m  a n d  t he  d i f f r ac ted  
b e a m .  0 was t he  ang le  in B r a g g ' s  e q u a t i o n  2 = 2dhklsin O. 
CuK~ r a d i a t i o n  was  used. I n  t h e  o t h e r  m e t h o d ,  t he  X - r a y  
p o w d e r  p h o t o g r a p h s  were  t a k e n  on  a C G R  i n s t r u m e n t  in 
a S e e m a n - B o l h i n  focuss ing c a m e r a  us ing  CoK~ rad ia t ion .  
T h e  v a l u e  1.77892 ~k was t a k e n  for t h e  w a v e - l e n g t h  of 
t h i s  r ad i a t i on .  T h e  p o w d e r e d  a p a t i t e  a n d  smal l  a m o u n t s  
of NaC1 (in case of ca lc ium apa t i t e s )  a n d  ca lc i te  (in case 
of s t r o n t i u m  h y d r o x y a p a t i t e )  used  as  i n t e r n a l  s t a n d a r d  
were  g r o u n d  a n d  s p r e a d  ove r  a m o u n t  of p o l y s t y r e n e  foil. 

F r o m  h y d r o x y a p a t i t e  to  ch lo rapa t i t e ,  a increases  b u t  
¢ decreases .  I n  case  of f l uo rapa t i t e ,  a dec reases  b u t  c 

r e m a i n s  the  same.  Going  on  to  mixed  f luor -eh lo rapa t i t e s ,  
a increases  b u t  c decreases .  As t h e  ionic r a d i u s  of Sr  +~ 
(1.13 /~) is g r ea t e r  t h a n  Ca +2 (0.99 ~k), b o t h  a a n d  c 
increase  in case of s t r o n t i u m  h y d r o x y a p a t i t e .  T h e  resu l t s  
a re  g iven  in  t h e  Tab le .  

T h e  o b s e r v e d  d i f ferences  in  l a t t i ce  p a r a m e t e r s  a re  u n d e r -  
s t a n d a b l e  f rom t h e  v a r i o u s  a t o m i c  pos i t ions  in  r e l a t i o n  
to  t h e  ca l c ium t r i ang l e  L T h e  h y d r o x i d e  ions ~ of h y d r o x y -  
a p a t i t e  lie w i t h  t h e i r  i n t e r n u c l e a r  axes  c o i n c i d e n t  w i t h  
t h e  s ix-fold  screw axis.  T h e  la rger  a axis  of h y d r o x y -  
a p a t i t e  is due  to  Ca-O d i s t a n c e  w h i c h  requ i res  a l a rge r  
c a l c i u m t r i ang le  3. T h e  ch lor ide  ions of c h l o r a p a t i t e  lie on  
t h e  s ix-fold screw axes  b u t  m i d w a y  b e t w e e n  a d j a c e n t  
p l a n e s L  A mode l  to  exp la in  t h e  decrease  in c a n d  increase  
in a for c h l o r a p a t i t e  h a s  r ecen t l y  been  p r e s e n t e d  3. T h e  
l a t t i ce  d i f ference  b e t w e e n  h y d r o x y a p a t i t e  a n d  f luorapa-  
t i t e  is also b r o u g h t  a b o u t  b y  c h a n g e  cen te red  in t h e  
ca l c ium t r iangle .  F luor ine ,  b e i n g  a t  t h e  in t e r sec t ion  of t h e  
p lanes  w i t h  the  s ix-fold  screw axis, t e n d s  to c o n t r a c t  t h e  
t r i ang l e  u n t i l  n o r m a l  Ca-F  d i s t ances  are  e s t ab l i shed  3. 

Rdsurnd. Les p a r a m ~ t r e s  c r i s t a l log raph iques  d ' u n  cer- 
t a i n  n o m b r e  d ' a p a t i t e s  s y n t h 6 t i q u e s  son t  indiqu6s .  A 
l ' a ide  d ' 6 t u d e s  p a r  r a y o n s  X ces a p a t i t e s  s y n t h 6 t i q u e s  
p e u v e n t  6 t re  d is t ingu6s  les unes  des au t res .  
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Unit ceil dimensions of synthetic apatites 

Apatite a-axis A c-axis A c[a 

Calo(PO4)6(OH)2 9.42 6.88 0.730 
Calo(POa)6C12 9.63 6.78 0.704 
Caxo(POa)6F 2 9.36 6.88 0.735 
Calo(PO4)aFo.5~4Cl~.446 9.59 6.83 0.712 
Calo(PO4)aFl.a4oClo.579 9.45 6.86 0.725 
Srlo(PO4)6(OH) 2 9.76 7.28 0.745 
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